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In this supplementary material, we detail the sum-frequency generation process used to estimate timefrequency separations, including the limitations of the device. We also detail the measurement tomography
used to calibrate our technique.

Estimating separations with a quantum pulse gate

In this section, we derive Eq. (6) of the main text, which
provides the separation estimators Ŋ̂ν and Ŋ̂t for measurements
made with a quantum pulse gate (QPG). The quantum pulse
gate operation relies on a large discrepancy between the group
velocities of the input and upconverted signals, which manifests in the energy picture as a much larger input acceptance
bandwidth than output signal bandwidth. In practice, this
discrepancy is of course finite, which places limitations on
the achievable time and frequency resolutions. Here, starting
from the basic nonlinear interaction, we outline these limitations.
In our treatment herein, we assume that the three-field interaction takes place inside a single-mode χ (2) waveguide, such
that we may neglect the spatial modes involved. We also assume that we are working in the low-efficiency regime, such
that a first-order approach is sufficient [45, 47]. We label the
modes as the input (“1”), the QPG pump (“2”), and upconverted output (“3”), and group the central frequencies into
the variables as ν̃ = ν − ν0 . In this case, the upconverted
spectral amplitude γ(ν̃3 ) is related to the spectral amplitude
of the QPG pump α(ν̃2 ) and the input signal ψ(ν̃1 ) as
Z

γ(ν̃3 ) = θ

dν̃1 H(ν̃1 , ν̃3 )α(ν̃3 − ν̃1 )ψ(ν̃1 ),

(1)

where energy conservation ν̃2 = ν̃3 − ν̃1 has been accounted for, θ is a coupling constant representing factors such as
the material nonlinearity, and H(ν̃1 , ν̃3 ) is the phasematching
function, characterized by the relationships between the wa2πν j n j (ν̃ j )
venumbers k j (ν̃ j ) =
of the interacting fields.
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If process is phasematched at the central frequencies
through periodic poling and chromatic dispersion within each
field can be neglected, the phasematching function for an interaction length L can be expressed as


L [(k10 − k20 )ν̃1 − (k30 − k20 )ν̃3 ]
(2)
H(ν̃1 , ν̃3 ) ∝ L sinc
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where k0j = ∂ ν jj ν = 2πu
is inversely proportional to the
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group velocity u j . If the input signal and QPG pump are
group-velocity matched k10 = k20 , the phasematching function
simplifies to a function of only the output frequency ν̃3 . If

we use a bandpass filter to remove the side lobes of the sinc
function, we can approximate the phasematching function as
a Gaussian,
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where σPM is the RMS phasematching bandwidth and η ≈
0.193.
We assume that the input signal wavefunction is a Gaussian pulse with some offset δ ν from the perfectly phasematched frequencies and a small time delay δt relative to the QPG
pump pulse, which we express as


1
(ν̃ + δ ν)2
− i2π ν̃δt . (4)
ψ(ν̃1 ) =
1 exp −
4σν2
(2πσ 2 ) 4
ν

Note that the RMS width of the pulse in time is σt =
1/(4πσν ). The QPG pump pulse is shaped to the first two
Hermite-Gauss temporal modes with bandwidth σ2 , given by


ν̃22
1
α (ν̃2 ) =
1 exp −
4σ22
(2πσ22 ) 4
(5)
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.
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(2πσ26 ) 4
Substituting these and the phasematching function into Eq. (1)
and
finding the relative upconversion probability as P =
R
dν3 |γ(ν̃3 )|2 , the ratio of the upconversion probabilities for
the first two modes is found to be
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δν
+ 4σ
2 + 4σ 2 .

To get from the first line to the second, we have set the bandwidth of the QPG pump to be equal to the input signal, ensuring that the two pulses have matched temporal-mode bases.
To get from the second line to the third, we have assumed that
the phasematching bandwidth is narrower than the input pul2 ≈ 2σ 2 . Since P and P are both
ses, such that 2σν2 + σPM
ν
symmetric functions of δ ν or δt, Eq. (6) holds for incoherent mixtures of positive and negative shifts, and Eq. (6) of
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Cramér-Rao bound for the quantum pulse gate
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the main text can be retrieved by substituting δ ν 7→ Ŋ2ν and
δt 7→ Ŋ2t . It is apparent that the minimum resolvable shift will
be on the order of σPM in frequency and σσPM
σt in time, and
ν
that any misalignment in frequency or time will adversely effect the resolution of measurements in the other setting.
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We consider access to a finite number of mode projections, ranging from 0 to M and corresponding to the 0th to
Mth Hermite-Gaussian time-frequency modes. The probability of photon upconversion when projecting on the jth mode
as a function
of time or frequency separation Ŋ is given by
R
Pj (Ŋ) = dν3 |γ(ν̃3 , Ŋ)|2 . In our numerical analysis, the normalization is set such that limσPM →0 P0 (0) = 1, effectively normalizing out any external losses but accounting for lost information due to the imperfect selectivity. The Fisher information available in this set of projections for N detected photons
can be found in analogy to Eq. (3) of the main text as


∂ Pj (Ŋ) 2
1
.
FQPG = N ∑
∂Ŋ
j=0 Pj (Ŋ)
M

(7)

The CRLB for the QPG, found as 1/FQPG , is shown in
Fig. 1 for two different nonlinear interaction lengths (and correspondingly two different phasematching bandwidths) and
for projections onto two, three, or four Hermite-Gaussian modes. Even when only projecting on the first two HermiteGauss modes, there is a large span of separations when the
QPG has a strong advantage over standard intensity detection.
For large separations, higher-order projections become necessary, but in this limit, standard intensity detection approaches the quantum limit anyhow. For very small separations,
Ŋ ∼ σPM , the CRLB diverges. The point at which this “curse”
kicks in is not set by the point-spread function of the optical signals, as it is for standard intensity detection, but rather
the phasematching bandwidth. By increasing the length of the
medium, as seen in Fig. 1(b), the scale of the divergence can
dramatically improve.
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For a perfectly mode-selective device and an infinite number of projections, the Cramér-Rao lower bound (CRLB) on
the estimation precision coincides with the quantum bound.
As shown in the previous section, the mode-selective properties of the QPG break down for frequency shifts smaller
than the phasematching bandwidth, σPM . Additionally, in the
simplified analysis above, we project only onto the first two
Hermite-Gauss modes, and the data analysis performed only
considers the first three. Here, we consider the CRLB for the
measurement scheme we employ, including the effect of limited selectivity and finite mode projections.
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FIG. 1. Cramér-Rao lower bound for quantum pulse gate measurements. The Cramér-Rao lower bound on the variance of the
estimated time or frequency shift Ŋ is shown using standard intensity detection in blue and by projecting onto the first two, three, or
four Hermite-Gauss modes in black (solid, dashed, and dotted line,
respectively). The constant quantum limit is shown in red. Plot (a)
corresponds to the experimental parameters used, including a 17-mm
upconversion medium, while plot (b) corresponds to an upconversion
medium five times longer (85 mm).

Measurement tomography methods

In this section, we describe the measurement tomography
method used to retrieve an accurate separation estimator from
the directly measured data. To characterize the device, we implement projections onto the first three Hermite-Gauss modes,
where “ideal measurement” can be described by projections
of the input signal on the three lowest-order Hermite-Gauss
modes HG0 , HG1 , and HG2 . We denote q j (Ŋ) the probability
of the jth measurement output given the true separation is Ŋ.
For a Gaussian point-spread function (PSF) of width σ , this
probability reads
1
q j (Ŋ) =
j!



Ŋ
4σ

2 j

 2
Ŋ
− 4σ

e

,

j = 0, 1, 2 .

(8)

Due to unavoidable imperfections, the actual detection probabilities p j (Ŋ) differ slightly from q j (Ŋ) and the measurement
device needs to be characterized before using. Assuming the
setup works well, that is, the differences between the actual

3
and target distributions p j (Ŋ) and q j (Ŋ) are small, we expand
the former using the latter as a basis as follows
M

p j (Ŋ) =

∑ c jk qk (Ŋ),

j = 0, 1, 2 .

(9)

k=0

Having repeatedly measured a set of known separations Ŋ =
{Ŋ1 , Ŋ2 , . . . , ŊN }, the probabilities p j can be estimated by the
corresponding relative frequencies f j = hn j i/ ∑ j hn j i. Denoting further fαj = f j (Ŋα ), qkα = qk (Ŋα ), and ckj = c jk , we
obtain three sets of linear equations to be solved for the set of
unknown detection coefficients ckj
fkj = ∑ qkα ckj ,

j = 0, 1, 2 .

(10)

k

The pseudo-inverse can be used to obtain standard solutions
minimizing the L2 norm,
c j = Q+ f j ,

j = 0, 1, 2 .

(11)

It turns out just a few (M ≈ 4) basis functions in Eq. (8)
are required to observe excellent fits of the detected relative
frequencies f j in terms of the corresponding theoretical models p j for all measured separations in the region of interest
Ŋ ∈ [0, 2].
We next proceed to the parameter estimation step using
our characterized measurement. Each measurement returns a
three numbers, n0 , n1 , and n2 . Assuming Poissonian statistics,
the separation is estimated by maximizing the log-likelihood
(
)

p j (Ŋ)
(12)
Ŋ̂ = arg max ∑ n j log
∑ j0 p j0 (Ŋ)
Ŋ
j
subject to Ŋ̂ ≥ 0 using a suitable optimization tool. Finally,
for every true separation we calculate the statistics of the estimates and compare the measurement errors to the relevant
classical and quantum resolution limits.
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